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SUMMARY

Measurements of horizontal and vertical displacements are carried out mostly based on
reference points identified as fixed. In surveying practice there may be some situations in
which there is not possible to perform the measurements with reference to stable points or the
difficulties in identification of points’ stability may arise. Accuracy analysis based on the
covariance matrices have a special role in this process. In presented paper the covariance
matrices were determined. The authors took advantage of the method of determination the
vertical displacements in the absence of stability of reference points. The paper presents
algorithm of computation and also results of the empirical tests. Tests were carried out based
on simulated data of foundation plate measurements. The conclusions, which came from the
calculations, encourage not only to do more detailed analysis and tests but also to theoretical
development of the presented method.

SUMMARY

Wyznaczanie przemieszczen poziomych i pionowych wykonywane jest najczes$ciej w oparciu
o zidentyfikowane jako stale punkty referencyjne. Jednak w praktyce geodezyjnej moga
pojawi€ si¢ sytuacje, w ktorych nie bgdzie mozna wykona¢ pomiaréw w nawigzaniu do
uznanych za stabilne punktoéw referencyjnych lub identyfikacja stabilnosci punktow
referencyjnych bedzie bardzo utrudniona. Szczegdlng role w tym procesie odgrywa analiza
doktadnosci wykorzystujaca migdzy innymi macierze kowariancji. W niniejszej pracy
wyznaczono macierze kowariancji pewnej znanej z literatury przedmiotu metody
wyznaczania przemieszczen pionowych w przypadku braku stabilnosci punktow
referencyjnych. Zaprezentowano takze algorytm obliczen przemieszczen poszczegolnych
punktow oraz rezultaty testow empirycznych tej koncepcji przeprowadzonych na przyktadzie
symulowanych wynikow pomiaru plyty fundamentowej. Uzyskane z obliczen wnioski
zachecaja do dalszych bardziej szczegdtowych analiz i testow, a takze teoretycznego
rozwinig¢cia zaprezentowanej metody.
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1. INTRODUCTION

Currently the phenomenon of engineering objects' displacements is a common problem of
interests because of the occurrence possibility, among others, construction disaster. The
displacements may be caused by building for example: underground car parks in the center of
the city or near the natural and artificial escarpments, tunnels under the rivers or the
mountains, engineering objects' located in areas of unfavorable geotechnical conditions, etc.
All these and other similar investments usually cause changes of the groundwater levels and
thus the changes of geological properties. The consequence of these changes are, among
others, the displacements of objects during the building and displacements of other
engineering objects located near this investment. The surveying measurements associated
with the determination of displacements are usually performed on the basis of reference points
identified as fixed, eg. [Chen 1983, Caspary 2000]. The problem of identifying of the stability
of the reference points is presented, among others in [Chen et al., 1990, Chrzanowski 2006
Proszynski, Kwasniak 2006]. However, sometimes there is not possible to perform the
measurements with reference to stable reference points or identification of such points is
difficult. In this paper, the problem of determining the displacements is presented in reference
to the situation where there is no reference points, and thus, the surveying measurements was
carried out in an unstable reference system. This paper is a continuation of the considerations
about the determination of the objects displacement in unstable reference system, what was
set out in [Wisniewski 1989]. The concept of determination of vertical objects displacements,
which was presented there, lets us to generalize the problem to 3D system. What is more it
was cause the search of the new solutions of this problem. Generalization of the problem
connected with determination of the displacements in 3D unstable reference system was
presented, among others, in papers [Kaminski 2008, 2008a, 2009, 2011]. In the search for
new solutions of this problem, one of the paper is proposition [Zienkiewicz 2014]. The author
used there the rules Mgyjit - estimation [Wisniewski 2009, 2009a, 2009b]. As it was mentioned
above, in paper [Wisniewski 1989] the author proposed the concept of determination the
vertical displacements in the case of absence of stability of reference points. In this paper, the
algorithm of computations of displacements of individual points was proposed and the tests of
practical application using simulated network of precise leveling were also carried out.
Presented algorithm is using this conception. The accuracy analysis of the results of
calculation was also performed.
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2. THEORETICAL BASIS

The basic assumptions of the concept [Wisniewski 1989] which were generalized to the three-
dimensional systems, as it was mentioned above, were also presented in [Kaminski 2008,
2008a, 2009, 2011]. Therefore, in this paper only the most important and necessary in
considerations theoretical assumptions of the method are presented. Assume that the
considerations are carried out for small limited area, eg.: foundation plates located in factory
halls or in warehouses, marine waterfront, airport runways, bridges, viaducts, etc. The
geodetic measurements and their adjustment in two epochs are necessary for determining
displacements, including vertical displacements. The first measurement is the initial
measurement (epoch t/=°). The second one is an actual measurement (epoch t/=1). The
theory of elaboration the results of this method does not use the reference points. This is the
reason why the observations' adjustment is carry out as a free adjustment. During the
estimation of free leveling network, the temporary and deformed surface of the object, which
is displaced, is mapped to instantaneous optimal plane. The theoretical assumption of the
method is free adjustment with estimation which takes into account the component parameters

of vertical displacement: the angles of rotation around X axes &y and Y axes &;. There is no
vector of translation AZ, because of absence of possibility of reference points identification.
Thus it is not possible to determine the origin of local height systems' (Z/=0) in both
measurement epochs. It is worth noting that the parameters which are used to determine the
vertical and horizontal displacements of the points (objects) are vectors of translation: AX,

AY, AZ and three rotations around X, Y, Z axes by the angle value e){, e((', ei , respectively.
Based on papers, which are cited above, the free adjustment equation of correction, with
taking into account the rotation parameters, for height difference between two points can be
written as:

i = d — dl = (Vi = YD) + (Xi — XDe) — B, (1)

In the equation (1), the following designations are use:
vy — correction to measurement result (I, k — the designations of the controlled points, I,
k=1,.., r, r —number of controlled points),

h{k — results of measurement in t/ epoch, j=0, 1, ... , (eg.: j=0 the initial measurement, j=1 the
first actual measurement, etc.),

d,’;, d{ — distances of temporary object's surface from instantaneous optimal plane in the
moments of time t/,

Y., Y; — Y coordinates of the controlled points k, I,
X, X; — X coordinates of the controlled points k, |,

e)f(, s{} — angles of rotation around X and Y axes in epoch t/, respectively
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The equation of correction (1) can be presented in following matrix form

v=Ad +Bg/ - h/ 2
where:
v — vector of corrections to results of observations,
A, B — known matrices of coefficients,
h’/ — vectors of free terms (results of measurement),
d = [d{, ) d{]T — vector of distances of deformed surface from optimal plane in the
moment ¢/,
&/ = [¢], ]]T — vector of inclination angles of optimal plane in the moment ¢/,
As it was mentioned above solution of the problem consists in realizing of free optimization
in such a way, in which
¢(d’,&/) = vTPv = min 3
o(d’/, &) = (d)TPyd’ = min} ®)

(P i Pq — weight matrices, respectively: P — to measurement results h{k and Py — to possibly
existing (previous) the accuracy assessment of the values d/)

The first equation of system of equations (3) refers to corrections to measurement result.

The second equation causes fitting of the instantaneous optimal plane in the deformed surface
defined by the measured network.

The adjustment task of presented problem can be written in the form (assuming that: P4 =

L,; I,, — identity matrix)

v=Ad' +Be/ — h/
¢(qj, sf) = VTPV = min (4)
Lp(df,sf) = (d)Td’ = min

The solution of the system of equations (4) are vectors: €/ of rotations s)];, e{} d’ distances and
corrections v to observations, which have the following form:

g/ = [NJ(NNT)"IN3]*NI(NNT)'L, (%)
d/ = —NT(NNT)"1(N;&/ — Ly) (6)
v=Ad’ + B¢/ — h/ (7)

In the relationships (5), (6), (7) the following designations were used: N = [N; i N,],
N, = ATPA,, N, = ATPA,, N; = ATPB, L, = ATPh/. The block form of the matrix
A=[A; i A,]isaresultof necessity of using in computations the generalized inverses,
which require the removal of the defect in free network, eg. [Caspary 2000, Wisniewski
2009c].
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The aim of the paper is to determine the vertical displacements. Therefore, the differences Ag
between the values of angles of rotation, obtained from solutions £/*1 and €/, are interesting.

e — ¢/ = Ag (8)

The results obtained from the equation (8) suggest only the displacements of controlled points
situated on research object. To determine the vertical displacements, several ways of further
proceedings may be used. In this paper, the authors propose the following algorithm:

1. Checking if there are a reasons which allow us to formulate the conclusion about
existing vertical displacements (verification based on: £/*1 — &/ = Ag).

2. Choosing the potentially stable point (non displaced) in both measurement epochs,

based on adjustment results and accuracy analysis.

Adoption the height of stable point (eg. Z=0,0000 m).

Determination of height of all controlled points in both measurement epochs.

5. Determination of vertical displacements as a differences between heights of controlled
points.

6. Carry out the tests of statistical significance of obtained vertical displacements using
eg. Fisher distribution (F — test), [Caspary 2000].

> ow

3. ACCURACY ANALYSIS

An important role in process of determination the displacements has the accuracy analysis,
which is represented by covariance matrices C. To determine the covariance matrix we use
the covariance propagation law, which is well-known in adjustment calculus, and has the form
(D — transformation matrix):

C = DC,DT 9)
If we want to determine the covariance matrix C, of vector &

(e = [NT(NNT)"IN;]7INJ (NNT)"1ATPh) , we obtain (for C,, = m3P™1)
D

C. = m2DP1DT (10)
Thus, after performing the appropriate steps, the covariance matrix C; has the form:
Cc = m§[N3(NNT)™'N5] "N (NNT)7!N; (NNT)T*N3[Ns (NN !N 71 (11)
in which the cofactors matrix (approximations of variance) Q. can be written as follow:

Q: = [NJ(NNT)"N;] NI (NNT)"*N; (NNT) "N, [N (NNT)~'N;]* (12)
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. . Tp
Coefficient: m2 = —
n-r—de

defect of network)

(n—number of observations, r- number of unknowns, de—

The covariance matrix of the vector of corrections C, has the form:

C, = miDP~ DT (13)
where:
D = [-ANT(NNT)IN;{NT(NNT)~'N;}*NI(NNT)"*ATc; ! + ANT(NNT)1ATC, ! +
+B{NJ(NNT)"IN;}INI(NNT)1ATC, Y — 1]

4. EXAMPLE OF PRACTICAL APPLICATION

Presented assumptions in theoretical part were verify on the example of simulated data,
obtained from the measurement of foundation plate using method of precise leveling. The
simulated network, measured height differences and location of controlled points are
presented in the figure 1. It was assumed that measurements were performed to nine
controlled points, which were regulary situated on the research plate. For simplifying the
interpretation of the computation it was assumed that the heights of points are the same
Z; =0,0000m (i =1,...,9).

7 h 8 ks 9
hl'? hlB hl'S‘ hZD
ry r'
h; hio hy
hg hiq 6
hys hyg hys hig
A A
hg h‘lZ h3
Y
X X 3
hy i h, )

Fig. 1. Levelling control network

When simulating the measurement results it was assumed that the X; and Y; coordinates of all
controlled points (Table 1) were determined using GPS RTK technology.
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Table 1. Coordinates X and Y of controlled points.

Point no. X[m] | Y[m] | Pointno. | X[m] | Y[m] | Pointno. | X[m] | Y[m]
1 0 0 4 20 0 7 40 0

2 0 20 5 20 20 8 40 20

3 0 40 6 20 40 9 40 40

The displacement of the object is possible to determine when we have observations from at
least two measurement epochs. In this paper, the initial measurement is associated with
observations which were performed in epoch t/=°, whereas the actual measurement is
associated with observations which were performed in epoch t/=. The computation were
divided into three variants. The differences between the particular variants of computations
are connected with the simulated results in t/=* epoch.

Variant 1: It was assumed that the subsidence value of point no. 3 is 0,005m.
Variant 2: It was assumed that the subsidence value of points no. 3, 6 and 9 is 0,005m.
Variant 3: It was assumed that the subsidence value of points no. 2, 3 and 6 is 0,005m.
Simulated observations (height differences), which were used in further analysis, are

presented in Table 2.

Table 2. Simulated observations in epochs ¢=° and ¢/=1.

Height Initial measurement ACtl_JaI measurement _ .
. Variant 1 Variant 2 Variant 3
difference — . - -
Iy epoch ¢/=° epoch /=1 epoch /=1 epoch t/=1
[m] [m] [m] [m]
hy 0,0014 0,0014 0,0014 -0,0036
h, 0,0009 -0,0041 -0,0041 0,0009
hs 0,0012 0,0062 0,0012 0,0012
hy 0,0011 0,0011 0,0011 0,0061
hs 0,0008 0,0008 0,0058 0,0008
he 0,0007 0,0007 0,0007 0,0007
h; -0,0007 -0,0007 -0,0007 -0,0007
hg -0,0008 -0,0008 -0,0008 -0,0008
ho -0,0011 -0,0011 -0,0011 -0,0011
hyo -0,0012 -0,0012 -0,0012 -0,0012
hyiq -0,0009 -0,0009 -0,0059 -0,0059
hy, -0,0014 -0,0014 -0,0014 0,0036
hys -0,0012 -0,0012 -0,0012 -0,0062
hya 0,0012 0,0012 0,0012 0,0012
his 0,0006 -0,0044 -0,0044 -0,0044
hig -0,0006 -0,0006 -0,0056 -0,0006
h,, 0,0013 0,0013 0,0013 0,0013
hig -0,0013 -0,0013 -0,0013 -0,0013
hiq 0,0010 0,0010 -0,0040 -0,0040
hyo -0,0010 -0,0010 -0,0060 -0,0010
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The following matrices were used during the computation:

—1 1 0 0 0 0 0 0 ! 0- —20 0 1 - 0,0014 1
0 -1 1 0 0 0 0 010 -20 0 0,0009
0 0 -1 0 0 1 0 0:0 0 20 0,0012
0o 0 0 0 0 -1 0 0 i1 0 20 0,0011
o 0 0 0 0 0 0 1 -1 20 0 0,0008
0 0 0 0 0 0 1 -1i0 20 0 0,0007
0 0 0O 1 0 0 -1 0:0 0 —20 —0,0007
1 0 0 -1 0 0 0 00 0 -20 —0,0008
0 0 0 -1 1 0 0 00 -20 0 —0,0011
A=|0 0 0 0 -1 0 0 1 :0]p |0 20| m0_ —0,0012
0o 0 0 0 -1 1 0 0:0 —20 0 —0,0009
0 -1 0 0 1 0 0 010 0 20 —0,0014
0 1 0 -1 0 0 0 O0:0 -20 —-20 —0,0012
-1 0 0 0 1 0 0 O01i0 -20 20 0,0012
0 0 1 0 -1 0 0 010 -20 —20 0,0006
0 -1 0 0 0 1 0 0:0 —20 20 —0,0006
o 0 0O 0 1 0 -1 0:0 -20 —-20 0,0013
0 0 0 -1 0 0 0 11:0 -20 20 —0,0013
0 0 0 0 0 1 0 -1:;0 -20 —20 0,0010
Lo 0 0 0 -1 0 0 O ' 1/ —20 20 - [—0,0010.
- ~— ~
A, A,
e =[e,e)|Tand d/ = [d],d},d},d},d},d},d},a},al]”
Variantl: Variant 2: Variant 3:
- 0,0014 1 - 0,0014 1 '—0,00367
—0,0041 —0,0041 0,0009
0,0062 0,0012 0,0012
0,0011 0,0011 0,0061
0,0008 0,0058 0,0008
0,0007 0,0007 0,0007
—0,0007 —0,0007 —0,0007
—0,0008 —0,0008 —0,0008
—0,0011 —0,0011 —0,0011
=t — [~0,0012 =t — [~0,0012 =t — [~0,0012
—0,0009 —0,0059 —0,0059
—0,0014 —0,0014 0,0036
—0,0012 —0,0012 —0,0062
0,0012 0,0012 0,0012
—0,0044 —0,0044 —0,0044
—0,0006 —0,0056 —0,0006
0,0013 0,0013 0,0013
—0,0013 —0,0013 —0,0013
0,0010 —0,0040 —0,0040
[—0,0010. [—0,0060. [—0,0010.

The authors assume in computations the identity weights matrix P = Diag (1,...,1).
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Conducting the computations according to the presented conception let us to obtain the
solutions in three variants. The differences Ae between the values obtained from
computations: £/=1 and £/=° were also determined. Based on covariance matrices Cg, the

errors of estimated components of displacement 8){, eé were determined by using the

relationship m, = /(Cg);; (where: the indexes ii denote the diagonal elements of covariance
matrix Cg, (11))

Table 3. Results of adjustment for variant 1

Angle The value of angle Mean error of angle | The value of angle Mean error of angle Ae
of of rotation in epoch | of rotation m, of rotation in epoch | of rotation m,
rotation | ¢/=0 ti=1
[*] [*] [] [] [*]
E)J(' 1,3 11,25 27,8 11,25 26,5
g\l{' -3,5 11,25 23,1 11,25 26,6
Table 4. Results of adjustment for variant 2
Angle The value of angle Mean error of angle | The value of angle Mean error of angle Ae
of of rotation in epoch | of rotation m, of rotation in epoch | of rotation m,
rotation | ¢/=0 ti=1
[] [*] ] [] [*]
&l 1,3 11,25 80,8 11,25 79,5
&l -3,5 11,25 -3,5 11,25 0,0
Table 5. Results of adjustment for variant 3
Angle of | The value of angle Mean error of angle | The value of angle Mean error of angle Ag
rotation | of rotation in epoch of rotation m, of rotation in epoch of rotation m,
£i=0 ¢i=1
[*] "] [] [] [*]
5)1(' 1,3 11,25 54,3 11,25 53,0
gé -3,5 11,25 49,6 11,25 53,1

Analyzing the adjustment results presented in tables 3, 4 and 5, which are the components of
the vector of vertical displacement, we note that in all analyzed variants exist the suspicion
about the occurrence of vertical displacements. For further considerations, to realize the
proposed algorithm in theoretical part, it was assumed that the height of point no. 1 is constant
(Z1 = 0,0000m). Then the heights of all controlled points were determined in both epochs. The
obtained results are presented in table 6.
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Table 6. Heights Z; of controlled points

Heights of controlled | Heights of controlled | Heights of controlled | Heights of controlled
. points Z; in epoch points Z; in epoch points Z; in epoch points Z; in epoch
Controlled point £i=0 =t =1 =t
no- Variant 1 Variant 2 Variant 3
[m] [m] [m] [m]
1 0,00000 0,00000 0,00000 0,00000
2 0,00105 0,00105 0,00105 -0,00395
3 0,00099 -0,00401 -0,00401 -0,00401
4 0,00136 0,00136 0,00136 0,00136
5 0,00099 0,00099 0,00099 0,00099
6 0,00063 0,00063 -0,00437 -0,00437
7 0,00087 0,00087 0,00087 0,00087
8 0,00016 0,00016 0,00016 0,00016
9 0,00036 0,00036 -0,00464 0,00036

Based on the data presented in table 6 we can determine the vertical displacements
(p: = Z7" — Z77° where i=1,2,...,9 — number of controlled points) and obtain:

Variant 1. Point no. 3, p; =—0,00401 — 0,00099 =- 0,005m.
Variant 2. Point no. 3, p; =-0,00401 —0,00099 =- 0,005m
Point no. 6, pg =—0,00437 — 0,00063 =— 0,005m
Point no. 9, py =—0,00464 — 0,00036 = — 0,005m.
Variant 3. Point no. 2, p, =-0,00395 - 0,00105 =- 0,005m
Point no. 3, p; =—0,00401 — 0,00099 =- 0,005m

Point no. 6, ps =—0,00437 —0,00063 =- 0,005m.
When commenting the results we can observed that the values of vertical displacements from
adjustment correspond to adopted in example theoretical values. According to the fact that the
simulated results of observation were taken into account, in this paper the F - test connected
with significance of obtained vertical displacements is not performed.

5. CONCLUSIONS

In this paper, the practical properties of conception of determination the vertical
displacements in unstable reference systems were analized. The analysis were performed on
simulated network of precise leveling. To determine the vertical displacements of controlled
points the authors proposed also a simplified algorythm of calculation. The obtained results
do not let us to draw the general conclusions. The presented proposition of determination the
vertical displacements requires carrying out a lot of detailed theoretical and empirical
analysis.
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